We introduce the concept of 2-cyclicity for families of one-dimensional maps with a non-hyperbolic fixed point by analogy to the cyclicity for families of planar vector fields with a weak focus. This new concept is useful in order to study the number of 2-periodic orbits that can bifurcate from the fixed point. As an application we study the 2-cyclicity of some natural families of polynomial maps.
Introduction
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number of small amplitude limit cycles that can effectively bifurcate from the singular point by varying the parameters in the family of considered vector fields. This cyclicity is given by the number of fixed points near the critical point of a family of orientation preserving maps (the so called return maps) with a non-hyperbolic fixed point. As we will see, the cyclicity also can be seen as the number of 2-periodic orbits of a related family of orientation reversing maps (the half-return maps), see for instance [4] or Section 4. Recall that given a map f : R → R, a 2-periodic orbit is a set {x, y} such that f (x) = y, f (y) = x and x = y.
Hence it is natural, in the discrete setting, to study the bifurcation of 2-periodic orbits from non-hyperbolic fixed points of orientation reversing one-dimensional analytic diffeomorphisms of the form
This will be the main goal of this paper.
To fix the problem we start introducing the concept of 2-cyclicity of a family of maps of the form (1) , by analogy with the concept of cyclicity for planar vector fields. Here, given
x ∈ R m and ρ ∈ R + , D ρ (x) := {y ∈ R m : ||y − x|| < ρ}.
Definition 1. Set a = (a 1 , . . . , a n ) varying in an open set of V ⊆ R n , and consider the family of analytic reversing orientation maps from R into itself,
We will say that the origin of a map f a * , with a * ∈ V, has 2-cyclicity N ∈ N ∪ {0} if: (i) it is possible to find ε 0 > 0 and δ 0 > 0 such that the maximum of isolated 2-periodic orbits within D δ 0 (0) ⊂ R for every map (2) with a ∈ D ε 0 (a * ) ⊂ V is N.
(ii) for any ε > 0 and any δ > 0 there exists a ∈ D ε (a * ) ⊂ V such that f a has N different isolated 2-periodic orbits within D δ (0).
A family of maps f a , with a ∈ V ⊆ R n , has 2-cyclicity N at the origin if N is the maximum 2-cyclicity achieved by a map in the family.
We remark that it has no sense to study the 2-cyclicity for locally orientation preserving diffeomorphisms because it is always 0, see Remark 9.
In the following, for the sake of simplicity, we will simply say cyclicity to refer to 2-cyclicity of a map or a family of maps at the origin.
We remark that the cyclicity of a family (2) does not depend only on the number n of parameters but on their role. As an example, we will show in Section 4 that there exist one-parametric families (n = 1) of maps with arbitrary large cyclicity.
In the recent paper [3] , we have introduced what we call stability constants to study the stability of the origin of one-dimensional maps of the form (2) and also of periodic discrete dynamical systems with a common fixed point. A summary of results on this issue can also be found in [6] . The analysis of these constants plays also an important role in the study of the cyclicity, as the proof of our main result of this paper evidences. Let us recall them.
To know the local stability of the origin of an analytic map of the form (1), we consider
If f is not an involution (i.e. f • f = Id), we define a stability constant of order k (with
Notice that the stability constant V k only has sense when all the previous W j , j < k vanish.
Hence, any expression of the form W k + U, where U belongs to the ideal generated by
, is a valid expression for V k . In this work we will refer the expressions of the polynomials W k as stability constants, but also we will consider the expressions V k as the normal forms of W k in the Gröbner basis of I k when the graded reverse lexicographic order (called grevlex or degrevlex in the literature and tdeg(a 2 , a 3 , . . . , a k ) in Maple) is used, see [5, p. 58] . In this order, the monomials are compared first by their total degree and ties are broken by reverse lexicographic order, that is, by smallest degree in a k , a k−1 , . . . , a 2 . In order to avoid ambiguity, the expressions of V k will be called reduced stability constants.
It is known that the first non-zero stability constant is of odd order (see [3] ). For the sake of completeness, in Section 2 we include a proof of this fact, as well as their algebraic properties that are reminiscent of similar properties satisfied by the Lyapunov and period constants, see [1, 2, 8, 14, 18] .
If for a value of a it holds that V 3 (a) = V 5 (a) = · · · = V 2k−1 (a) = 0 and V 2k+1 (a) = 0 we will say that the origin is a weak fixed point of order k − 1, by similitude with the concept of order of a weak focus for non-degenerated critical point of planar polynomial vector fields.
As we will see in Proposition 6 the maximum number of 2-periodic orbits that bifurcate from a weak fixed point of order m is m.
Our main result, which is proved in section 3, deals with the simplest case: the maps f a are polynomial of fixed degree d, and the parameters are the coefficients of the system.
Notice that the only involution in these families corresponds to the trivial case f 0 (x) = −x.
As we will see, even in this simple setting some questions are not easy to answer.
Theorem 2.
Consider the family of polynomial maps
It has only the trivial involution corresponding to a = 0 and its cyclicity is at most 
(ii) For d = 6, 8, 10 it is at most d − 2 for any f a , a = 0.
(iii) For d = 6, 8, 10 it is at most 5, 9, 13, respectively, for f 0 .
(b) For d odd, its cyclicity is at least d − 3. Moreover,
(ii) For d = 5, 7, 9 it is at most d − 2 for any f a , a = 0, and there is some a such that it is d − 2.
(iii) For d = 5, 7, 9 it is at most 4, 7, 10, respectively, for f 0 .
(iv) For d = 4m + 3, m ≥ 0, there are some values of a such that the origin is a weak fixed point of order d − 2 for the corresponding f a .
Observe that the above result only accounts for the number of local (near x = 0) isolated 2-periodic orbits. For instance, with respect statement (a) with d = 4, and although the cyclicity of the family is 2, it is easy to find examples with 3 global 2-periodic orbits. This is the case, for instance, for the map f (x) = −x − 7x 2 + 10x 4 , which has also four fixed points. Notice that, the first statements of the above result are straightforward. If for some a, f a has degree k then f a • f a has degree k 2 . Hence the only involution is f 0 (x) = −x.
Moreover, a priori, the maximum number of isolated fixed points of f a •f a for any polynomial In Section 4 we study the relation between the cyclicity of weak foci or centers of planar vector fields and our results. In particular we show that any map of type (1) is a model for the half-return map associated to a weak focus, see Proposition 10.
Stability constants and preliminary results
In this section, first we prove some properties of the stability constants, including also their algebraic properties. Secondly, we include some standard tools to prove upper or lower bounds for the cyclicity of families of maps.
A related result to next theorem is also given in [6] , first in terms of the derivatives of the map f • f (Theorem 5.1), and also using some explicit expressions that are closely related with the stability constants (Theorem 5.4), which are obtained using the Faà di Bruno Formula, [12] .
Theorem 3. Let f a be an analytic map of the form (1). If f is not an involution, then there
(resp. > 0), the origin is locally asymptotically stable (resp. a repeller). In particular, all V 2k+1 = V 2k+1 (a), k ≥ 1, are polynomials in the variables a 2 , a 3 , . . . , a 2k+1 and the first reduced stability constants are: Proof. First, observe that by the definition of normal form of W k using a Gröbner basis G of
Next we prove that that the order of the first non-zero stability constant is odd. Suppose,
with V 2m = 0. For instance assume that V 2m > 0. Then we can consider a neighborhood of the origin U such that for all x ∈ U \ {0}, f is strictly monotonically decreasing and
and consider its orbit x n = f (x n−1 ), n ≥ 1. We also take
A simple argument gives that the stability of the origin for f • f is determined by the sign of x f (f (x)) − x in a neighborhood of the origin. Observe that when V 2m+1 = 0, it
) has the same sign that V 2m+1 . As a consequence, the stability of the origin for both maps f • f and f is characterized by the sign of the stability constants.
We continue this section by proving an algebraic property of the stability constants W k .
This property is analogous to the one possessed by the Lyapunov constants of weak foci and the period constants of centers for planar vector fields, see [2] . In fact, these constants play a similar role to the Lyapunov constants in the study of small amplitude limit cycles of planar analytic differential systems with weak focus or a center, or the the Period constants in the study of the critical periods arising in planar centers, [1, 2, 8, 14, 18] . Ending with this list of similarities, we can say that the case where f • f = Id is the one corresponding with either the center or the isochronous cases, in each of the above two analogous situations.
Proposition 4. The stability constants W j , introduced in (3), associated to an orientation reversing diffeomorphism of the form (1) are quasi-homogeneous polynomials of quasi-degree
Proof. It can be seen straightforwardly that each coefficient W j is a polynomial function of the coefficients of a i for i = 2, . . . , j.
Observe that the change of variables x = λu conjugates the map f (
with the map g(u) = −u+ i≥2 b i u i where b i = λ i−1 a i , and so conjugates the map f (f (x)) =
As we will see, the above result is a key tool to prove part of item (a) of Theorem 2.
It is also useful to find algebraic relations among the polynomials W j because a priori they give some restrictions on them.
As we have already explained in their definition, the explicit expressions of the reduced stability constants have been obtained first by computing coefficients of the Taylor expansion of f • f and afterwards, by taking the normal form of W k in the Gröbner basis of
. . , W k−1 when the graded reverse lexicographic order is used. The above results
states that the stability constants W k are quasi-homogeneous polynomials in the coefficients of the maps. Notice that the reduced stability constants V k , given in Theorem 3, are also quasi-homogeneous polynomials.
Next results collect and adapt some tools for studying the number of zeroes of families of smooth maps that are borrowed from the techniques used to study the number of small amplitude limit cycles bifurcating from weak foci or centers.
Proposition 5. Let W j = W j (a) and V j = V j (a) be the polynomials associated to the family of maps (5) given in (4). Assume that there exists m = m(d) such that for all
Then the cyclicity of the family is at most
Proof. We need to study the number of isolated positive zeroes in a neighborhood of the origin of the maps
where, to write the last equality, we have used the hypotheses on the polynomials W j and V 2j+1 and ψ 2j+1 are polynomial functions. Notice that these zeroes always correspond to 2-periodic orbits of f a and are not fixed points because, locally, f a sends positive values of x to negative ones, and viceversa.
The procedure that we follow is rather standard and it is usually called divisionderivation algorithm. Other examples of its application can be seen in [1, 9, 16, 18 ].
We will prove by induction that any map of the form
where ψ j are smooth functions in x, has at most k − 1 positive isolated zeroes is any small enough neighborhood of the origin. When k = 1, then obviously the function (7) has not zeroes. Assume that the result
where φ j are smooth functions in x. Then, for some new smooth functions ϕ j and ζ j :
Observe that the map
, is of the form (7) with k = m − 1. Hence, by the induction hypothesis it has at most m − 2 zeroes in any positive neighborhood of the origin. Hence, by the Rolle's Theorem the map h a has at most m − 1 zeroes.
Of course, since the map (6) is in the form (7), the result follows. Observe that if for some values of a, one of the V 2j+1 vanishes, the division derivation procedure for this value of a can be accelerated and gives rise to less number of positive zeroes.
Proposition 6. Let V j = V j (a) be the reduced stability constants associated to the family of maps (5) given in (4). Assume that for a = a * the map has a weak fixed point of order
Moreover, if the m − 1 vectors
where ∇ = (∂/∂a 2 , ∂/∂a 3 , . . . , ∂/∂a m ), are linearly independent, the cyclicity of the map
Proof. To prove that the maximum cyclicity of the origin of f a * is m − 1, as usual, we will apply the Weierstrass preparation theorem ( [10] ) to the function h a (x) introduced in (6).
More precisely, write H(x, a) = H(x, a 2 , a 3 , . . . , a d ) = h a (x) as a holomorphic function with d-variables. Notice that
and hence, we are under the hypotheses of that theorem. Therefore, in a neighborhood in
where A j and g are holomorphic functions, g(0, a * ) = V 2m+1 (a * ) = 0 and A j (a * ) = 0. As a consequence, for parameters in a neighborhood of a = a * the function h a has at most 2m − 2 non-zero roots in a neighborhood of the origin. Since the non-zero roots of this function appear in couples (for each positive zero corresponding to a 2-periodic orbit, there is a negative one corresponding to the other point of this orbit), we have proved that the number of positive zeroes in a neighborhood of the origin is at most m−1, giving the desired bound for the cyclicity.
The proof of the second part is also based on a well-known approach, see for instance [4] .
It simply uses Bolzano's theorem and consists on producing successive changes of stability of the origin. We give the details when m = 3. The general case follows by using the same type of arguments. Recall that h a (x) = (f a (f a (x)) − x)/x 3 and its positive zeroes give rise to the 2-periodic orbits.
We have that for a = a * it holds that V 3 (a * ) = V 5 (a * ) = 0 and V 7 (a * ) = 0. Assume without loss of generality that V 7 (a * ) < 0. If δ 2 is small enough then for all 0 < δ < δ 2 there exists x 0 > 0 such that |x 0 | < δ such that h a * (x 0 ) < 0. Consider the mapping Φ from R 2 to R 2 given by Φ(a 2 , a 3 ) = (V 3 (a 2 , a 3 , a * 4 ), V 5 (a 2 , a 3 , a * 4 )) . Then Φ(a * 2 , a * 3 ) = (0, 0) and since by hypothesis ∇V 3 (a * ), ∇V 5 (a * ) are linearly independent, det DΦ(a * ) = 0. This fact implies that Φ is locally exhaustive. Hence, we can find values a = (a 2 , a 3 , a * 4 ) as near as we want of a * , say |a − a * | < ǫ 1 , with V 5 (a) > 0 and V 3 (a) = 0. This fact implies that there exists 0 < x 1 < x 0 < δ such that h a (x 1 ) > 0 but still h a (x 0 ) < 0. Hence, there exists at least a positive root of h a in (x 1 , x 0 ). Now let a with |a − a * | < ǫ 2 < ǫ 1 such that V 3 (a) < 0 and, yet h a (x 2 )h a (x 1 ) < 0. Finally, we get that there exists 0 < x 2 < x 1 satisfying h a (x 2 ) < 0 with h a (x 1 ) > 0 and h a (x 0 ) < 0. Hence, for (x, a) ∈ (0, δ) × D ǫ 2 (a * ), h a (x) has two positive zeros corresponding with the two announced 2-periodic orbits.
Next proposition extends the second part of the previous one, when instead of dealing with the reduced stability constants we consider the stability constants. Its proof is similar and we omit it.
Proposition 7. Let W j = W j (a) be the stability constants associated to the family of maps (5) given in (4) . Assume that for a = a * the map has a weak fixed point of order
where ∇ = (∂/∂a 2 , ∂/∂a 3 , . . . , ∂/∂a m ), are linearly independent, the cyclicity of the map f a * is at least m − 1.
Lemma 8. Let W j = W j (a) and V j = V j (a) be the stability constants associated to the family of maps (5) given in (4). Assume that there exist k ≥ 3 and 0 < n j ∈ N such that for all j = 3, 4, . . . , d 2 ,
Let ℓ denote the minimum k such that (9) holds. Then, the highest order of the origin as weak fixed point is ℓ − 1. Moreover, the maximum cyclicity of any map f a , with a = 0, is also ℓ − 1.
Proof. Assume, to arrive to a contradiction, that the family has some weak fixed point with order bigger than ℓ − 1 for some a = a * = 0. In particular, for this a it holds that
for some polynomials p 2i+1,j (a). Hence, W n j j (a * ) = 0 for all j ≥ 3, giving that W j (a * ) = 0. As a consequence, f a * (x) = −x, a contradiction with our initial assumption.
Finally, the maximum cyclicity for any map f a , with a = 0, is ℓ − 1 because of the first part of Proposition 6.
We end this list of preliminary results with a remark about the cyclicity of families of orientation preserving diffeomorphisms.
Remark 9. For any family of maps f a (x) = x + i≥2 c i (a)x i with a in an open set V ⊆ R n , depending continuously with respect to a, the origin has 2-cyclicity 0. This holds because, given any a = a * there is a neighborhood of the origin and a * for which f a is monotonous increasing.
Proof of Theorem 2
For any d ≥ 2 the family of maps (5) is a (d − 1)-parametric family, with parameters a = (a 2 , . . . , a d ) ∈ R d−1 . As we have already argued in the introduction, if for some a, f a has degree k then f a • f a has degree k 2 . Hence the only involution in the family is the trivial one f 0 (x) = −x. To prove the second assertion of the statement, notice that x = 0 is a fixed point of f a and f a • f a . Hence, the maximum number of global 2-periodic orbits of a polynomial map in the family (5) (a) Consider first the case d = 2n, even. We start proving that its cyclicity is at least d − 2. In this situation it is very easy to prove that taking a * = (0, 0, . . . , 0, 1) the origin is a weak fixed point of order d − 2 = 2(n − 1), with W 4n−1 (a * ) = V 4n−1 (a * ) = −2n = 0,
To show that the cyclicity of the map f a * is 2(n − 1) we will apply Proposition 7. Therefore we must prove that the vectors in W := {∇W 2k+1 (a * ), k = 1, 2, . . . , 2n − 2}, are linearly independent, where we recall that ∇ = (∂/∂a 2 , ∂/∂a 3 , . . . , ∂/∂a 2n−1 ).
Using the quasi-degree properties of the stability constants W 2k+1 (a) proved in Proposition 4, it is clear that for a general family of maps (5) with d = 2n, for any W 2k+1 (a), k = 1, 2, . . . , n − 1, the only degree 1 monomial of each of them is α 2k+1 a 2k+1 for some real constants α 2k+1 . To determine these constants notice that when f (
Hence, for these values of k, α 2k+1 = −2. In consequence
where the −2 is placed at the 2k position of the (2n − 2)-dimensional vector, because for these values of k all the other monomials of W 2k+1 (a) have degree at least 2, and their derivatives, evaluated at a * vanish.
For k from n until 2n−2, and due again to the algebraic property given in Proposition 4, the corresponding stability constant W 2k+1 (a) (again, for a general family of maps (5) with d = 2n) has no monomials of degree 1. Similarly it can have several monomials of degree 2, all of them of the form β s,t a 2s a 2t , for some real values β s,t , to be determined, and with (s, t) ∈ N 2 , both bigger than 1 and such that s + t = k + 1. Because we are only interested on computing ∇W 2k+1 (a * ), the only relevant monomial of degree 2 in W 2k+1 (a) will be β k+1−n,n a 2(k+1−n) a 2n . To obtain these values of β k+1−n,n , consider f (x) = −x + x 2(k+1−n) + x 2n . Similar computations than the ones done above give that this coefficient in
is −2(k + 1). Therefore W 2k+1 (a) has the monomial −2(k + 1)a 2(k+1−n) a 2n and it holds that
where the value −2(k + 1) is placed at the 2(k − n) + 1 position of this (2n − 2)-dimensional vector.
Joining (10) and (11), we obtain that the vectors in W are linearly independent. Hence we have proved that when d = 2n the cyclicity of the whole family is at least d − 2, because for this specific value of a = a * it is so. Now we are going to consider the maps (5) for small values of d.
Case d = 2. In this simple case f a (x) = −x + a 2 x 2 and f a (f a (x)) = x − 2 a 2 2 x 3 + a 3 2 x 4 . The equation f a (f a (x)) = x only gives the solutions x = 0 and x = 2 a 2 which in fact are fixed points of f a . Hence f a has not 2-periodic orbits.
It is straightforward, either by hand, or using the Gröbner basis package in Maple that we are under the hypotheses of Proposition 5 with m = 3. Hence the cyclicity of the family is at most 2 and, therefore, since we have proved that it is at least d − 2 = 2, it is exactly 2. As an example of the computations that we have done, next we give some details of the first algebraic relations.
In this case
and it holds that V 3 = W 3 ,
and W j ∈ V 3 , V 5 , V 7 , for j = 8, 9, . . . , 16.
Case d = 6. As when d = 4, we want to apply Proposition 5. In this case we prove that we are under the hypotheses of this result with m = 6, and hence the cyclicity of the family will be at most 5. Indeed, using the Maple's Gröbner basis package again we find that,
Moreover, it also holds that W 2 j ∈ V 3 , V 5 , V 7 , V 9 , V 11 := I for 3 ≤ j ≤ 36, and also W 13 ∈ I,
showing that we are under the hypotheses of Lemma 8 with ℓ = 5, proving that the cyclicity of any map f a , with a = 0, is at most ℓ − 1 = 4 = d − 2.
Notice that the above two relations imply in particular that the ideal I is not radical.
Cases d = 8, 10. Doing similar computations that when d = 6 we can apply the same results.
For d = 8 we get that m = 10 and ℓ = 7, because,
and no similar relation appears before. Moreover,
Hence, by Proposition 5 the cyclicity of f 0 is at most 9 and, by Lemma 8 and the fact that the cyclicity is at least d − 2 = 6, we get the desired result. We remark that for some W j there is no need to take W 2 j to be in the ideal, but it is essential for instance for W 17 . For d = 10, m = 14 and ℓ = 9, we prove that the cyclicity of f 0 is at most 13 and that the cyclicity of any f a , for a = 0, is once again d − 2 = 8. We remark that in this case it happens that W j ∈ V 3 , V 5 , . . . , V 27 , V 29 for 3 ≤ j ≤ 100, without similar relations appearing before, and
We remark that not all W j need the exponent 3 to be in I. Nevertheless, for instance, neither W 21 nor W 2 21 are in I. (b) When d = 2n + 1 is odd it is clear that the cyclicity of the family is at least the one to the case of degree 2n, that we have proved that it is at least 2n − 2. Hence it is at least d − 3. Now we are going to consider the cases d = 3, 5, 7, 9.
Case d = 3. Doing similar computations that the ones of case d = 4 we get that we are under the hypotheses of Proposition 5 with m = 2. Hence an upper bound of the cyclicity of this family is 1. To prove that this bound is attained we take a * = (a * 2 , a * 3 ) = (1, −1).
Therefore the cyclicity of the map f a * is 1, and so it is the cyclicity of the family.
Case d = 5. Proceeding as in case d = 6, first we will get some upper bounds of the cyclicity. In fact we can apply Lemma 8 with ℓ = 4, proving that the cyclicity of any map f a , with a = 0, is at most ℓ − 1 = 3 = d − 2, and Proposition 5 with m = 5, showing that the cyclicity of the family is at most 4. Next we present one example with cyclicity 3.
By solving the system {V 3 (a) = V 5 (a) = V 7 (a) = 0} with respect a 2 , . . . , a 5 , and by direct inspection of its solutions, we obtain that taking a * = (1, −1,
it holds that
A computation shows that
where ∇ = (∂/∂a 2 , ∂/∂a 3 , ∂/∂a 4 ). So, the three vectors ∇V 3 (a * ), ∇V 5 (a * ) and ∇V 7 (a * ), are linearly independent and therefore, by Proposition 6, the cyclicity of f a * is exactly 3.
Case d = 7. We start proving that the cyclicity is at least five by finding an example with this cyclicity. Proceeding as in the above case, or looking at the proof of item (iv), we find that taking a * = (0, 0, 1, 0, 0, −2), we obtain that 
Hence the cyclicity of f a * is 5, as desired. Finally, using Maple again we get that
Hence the cyclicity of f 0 is at most 7 and the cyclicity of f a , for any a = 0 is at most
Case d = 9. Once again, some computations using the Maple's Gröbner basis package give
Hence the cyclicity of f 0 is at most 10 and the cyclicity of f a , for any a = 0 is less or equal to d − 2 = 7. To end the proof we prove that there is a value of a = 0 such that the cyclicity at this value is 7.
In this case, the study of the solutions of the system of equations described by the first five reduced stability constants is complicated. So we will propose an alternative method for obtaining weak fixed points of high order. This method is based on the knowledge of the structure of 1-dimensional involutions.
It is know that any analytic 1-dimensional non-trivial involution h can be written as
where g is an analytic diffeomorphism such that g(0) = 0, see [13] . Notice that it is straightforward to check that g(−g −1 ) is an involution. Take any map of the form
and compute the Taylor series of its inverse,
where b = (b 2 , b 3 , . . .) and we do not detail the polynomial functions D j , that are given by the so called Bell polynomials. It holds that h • h = Id . Now, to find a map with a weak fixed point of high order, we can fix some degree d, and consider the Taylor approximation of h of degree d, at the origin,
where
and B j (b), for j = 6, . . . , d are some polynomials that we do not detail. This map has a high order weak fixed point at the origin. For instance when d = 9, it holds that
Now, to increase the level of weakness of the fixed point, that is the order of h 9 , we have to select the values of b such that the associated stability constants up to order 15 vanish, i.e.
where we omit the expression of these stability constants. Since W 11 (b) linear with respect b 7 we can isolate and fix this parameter, obtaining
To reduce the number of parameters we impose b 2 = 1 and b 3 = 0, and solve the system Notice that, using the Sturm algorithm, one can check that P (x) has 8 different simple real roots. Hence, when x = ξ * is any of the real roots of P (x) the map h 9 has a weak fixed point of order 7. Now we prove that it has cyclicity 7. Using the expressions of the functions B j (see (12)) we set a * j = B j (ξ * ) for j = 2, . . . 9 and take a * = (a * 2 , . . . , a * 9 ). A computation gives that
where R and Q are co-prime polynomials with degree 77 and 68 respectively in ξ. Again, one can check that Resultant (P (ξ), R(ξ); ξ) = 0, and Resultant (P (ξ), Q(ξ); ξ) = 0, hence the vectors ∇V 3 (a * ), . . . , ∇V 15 (a * ) are linearly independent and, by Proposition 6, the cyclicity of f a * is at least 7. This ends the proof of statements (b) (i)-(iii).
To prove statement (iv), we consider for d = 4m + 3:
A routine computation shows that
Hence f a * has a weak fixed point of order d − 2 = 4m + 1 as we wanted to show.
Poincaré maps and 2-cyclicity
Locally orientation reversing diffeomorfisms appear naturally when studying the Poincaré maps associated to the origin of planar differential systems of the form
where P and Q are analytic functions starting with at least second order terms. It is well known that the origin of the above system is monodromic, i.e. there is a well defined associated Poincaré map. In this situation, using polar coordinates r 2 = x 2 + y 2 and θ = arctan(y/x) the solution of (14) that passes through the point (x, 0) with x > 0 small enough can be expressed by r(θ; x) = x + i≥2 a i (θ)x i , and the Poincaré map is given by Π(x) = r(2π; x).
Let Π + (x) be the map defined over an interval (0, ǫ) ⊂ R + given by Π + : (0, ǫ) → R − where (0, ǫ) is on the semi-axis OX + , such that it gives the first intersection, in positive time, of the orbit that at time t = 0 passes through the point (x, 0). We call this map the half-return map. In [4] it is proved that Π + (x) = −r(π; x), hence it is of the form (1). As can be seen in this reference, Π + (x) has an analytic extension to R. Using this analytic extension, the authors prove that Π = Π + • Π + .
It is clear, then, that given a parametric family of vector fields of the form
with a ∈ R n and P a (x, y) and Q a (x, y) starting with second order terms, the cyclicity of X a (that is, the number of small amplitude limit cycles of the differential equation associated to X a ) is exactly the cyclicity of the associated family of maps Π +,a (x) (the number of 2-periodic orbits). Conversely, observe that the following result proves that any given map of the form (1) Suppose now, that f is not an involution. Following [17] , there exists a local C ∞ -diffeomorphism ϕ 1 , that conjugates f with its C ∞ -normal form f N (x) = −x + σx 2ℓ+1 + cx 4ℓ+1 , where σ = ±1.
Consider the polynomial vector field given by   ẋ = −y + x δ(x 2 + y 2 ) 2ℓ + γ(x 2 + y 2 ) 4ℓ , y = x + y δ(x 2 + y 2 ) 2ℓ + γ(x 2 + y 2 ) 4ℓ ,
with δ = −σ/π and γ = −(c+(2ℓ+1)σ 2 /2)/π. We claim that, using the notation introduced above, Π + (x) = −r(π; x) = −x + σx 2ℓ+1 + cx 4ℓ+1 + O(x 4ℓ+2 ), (16) and therefore, there exists a C ∞ -diffeomorphism ϕ 2 , that conjugates Π + with f N . In consequence,
and f is conjugate with Π + . To finish, we prove (16) . We apply similar arguments than the ones used in the proof of Lemma 2.7 in [17] .
Observe that the system (15) has the associated polar equatioṅ
with analytic solution r(θ; x) = i≥1 a i (θ)x i . By substituting this expression in (17) , taking into account that r(0; x) = x, and comparing powers we obtain that a ′ i (θ) = 0 for all i = 1, . . . , 2ℓ, so a 1 (θ) ≡ 1 and a i (θ) ≡ 0 for all i = 2, . . . , 2ℓ. Applying the same argument we have Hence, comparing powers, integrating term by term, and using again that r(0; x) = x we have that a 2ℓ+1 (θ) = δ θ, a i (θ) ≡ 0 for all i = 2ℓ + 2, . . . , 4ℓ, and a 4ℓ+1 (θ) = γ θ + δ 2 (2ℓ + 1)θ 2 /2. The result follows using that δ = −σ/π and γ = −(c + (2ℓ + 1)σ 2 /2)/π.
The result above establishes that each map (1) is conjugate to the half-return map of a polynomial vector field, but we remark that given a map (1) it is not easy to prove that it is the half-return map of a polynomial vector field.
We end the paper showing that there exist families of type (2) with a single parameter having cyclicity k for any k ∈ N. This is a consequence of the results in [7] . Indeed, in this reference it is shown that for any k ∈ N there exists a suitable choice of fixed values of α 1 , . . . , α k ∈ R, such that the one-parametric family of vector fields with associated differential system   ẋ = −y + x(x 2 + y 2 ) a k + α 1 a k−1 r 2 + · · · + α k−1 ar 2(k−1) + α k r 2k , y = x + y(x 2 + y 2 ) a k + α 1 a k−1 r 2 + · · · + α k−1 ar 2(k−1) + α k r 2k , with r 2 = x 2 + y 2 , has cyclicity k and, in consequence the one-parametric family of locally orientation reversing analytic diffeomeorphisms Π +,a also has cyclicity k.
